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E-mail address: xhchen_98@yahoo.comThe transient response of a Mode-III crack propagating in a magneto-electro-elastic solid subjected to
mixed loads is investigated through solving the corresponding boundary-initial-value problem in both
the cracked solid region and the interior ﬂuid region with treatment of electro-magnetically permeable
and impermeable crack face conditions in a uniﬁed way. The closed-form results for the dynamic ﬁeld
intensity factors are used to evaluate the dynamic energy release rate through the crack-tip dynamic con-
tour integral. The permeability of the interior ﬂuid region relative to the cracked solid region signiﬁcantly
affects the magneto-electro-mechanical coupling coefﬁcient in the Bleustein–Gulyaev wave function and,
consequently, the horizontal shear surface wave speed, the dynamic ﬁeld intensity factors and the
dynamic energy release rate. It is revealed from dynamic fracture mechanics analysis that the dynamic
energy release rate thus obtained has an odd dependence on the dynamic electric displacement intensity
factor and the dynamic magnetic induction intensity factor. It is also found that the horizontal shear sur-
face wave speed provides the limiting velocity for the propagation of a Mode-III crack in a magneto-elec-
tro-elastic solid when there is only applied traction loading.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Over the past two decades, dynamic fracture of smart and adap-
tive structural systems using the functional properties of piezo-
electric and piezomagnetic materials to achieve superior
performances has drawn considerable attention (e.g., Maugin,
1994; Dascalu and Maugin, 1995; Li and Mataga, 1996a,b; Shindo
et al., 1996; Narita and Shindo, 1998; Chen and Yu, 1998; Wang
and Yu, 2000; Kwon and Lee, 2001; Ing and Wang, 2004a,b; Yang,
2004; Li and Yang, 2005; Li, 2005; Feng and Su, 2006; Feng et al.,
2007; Chen et al., 2007, 2008). Transient response of advanced
functional materials in the presence of multi-ﬁeld coupling effects
exhibits features distinct from those found in purely mechanical
problems. For instance, a horizontal shear surface wave may occur
in transversely isotropic magneto-electro-elastic solids (Alshits,
2002; Wang et al., 2007), whereas there is no anti-plane mode sur-
face wave in purely elastic solids of the same symmetry. The coex-
istence of piezoelectric, piezomagnetic and magneto-electric
coupling effects brings about more difﬁculties to solving transient
crack growth problems analytically.
The monograph by Freund (1990) gives a comprehensive over-
view on the development of dynamic fracture mechanics con-
cerned with fracture phenomena for which the inertia effectsll rights reserved.arising either from rapidly applied loading or from rapid crack
propagation become signiﬁcant. Freund (1972, 1990) developed a
solution procedure for dynamic crack propagation in an elastic so-
lid subjected to general loading: ‘‘The mechanical ﬁelds prior to
crack growth are equilibrium ﬁelds. If the loading is increased to
a sufﬁciently large magnitude, then the crack will begin to exten-
d. . . The applied loads induce a traction distribution on the crack
plane ahead of the crack tip, and the process of crack growth is
essentially the negation of this traction distribution. This idea is
exploited to obtain a complete solution for general loading by
means of superposition. . . First, the situation of crack growth with
a pair of opposed concentrated forces acting on ﬁxed material
points on the crack faces is analyzed, giving rise to a very useful
result called the fundamental solution for the problem. Then, the
corresponding ﬁeld quantities for any distribution of tractions on
the crack faces can be determined directly by superposition over
this fundamental solution.”
Due to mathematical difﬁculties, exact analytical solutions for
transient crack growth problems involving coupled ﬁelds are rare
and numerical methods are often adopted in most of research
work. By extension of the approach developed by Freund (1972,
1990) for elastodynamic crack growth problems, Li and Mataga
(1996a,b) ﬁrst obtained closed-form solutions for transient re-
sponse of a semi-inﬁnite anti-plane crack propagating at a constant
speed in a hexagonal piezoelectric medium with electrode- and
vacuum-type crack face conditions to meet the Bleustein–Gulyaev
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via the path-independent integral constructed with the use of the
electric enthalpy (Pak and Hermann, 1986; Pak, 1990; Maugin,
1994). Since the Bleustein–Gulyaev surface wave speed strongly
inﬂuences crack propagation, the nature of Mode-III dynamic frac-
ture of piezoelectric materials is essentially different from that of
purely elastic materials, exhibiting many features only associated
with in-plane modes in the elastic case. Ing and Wang (2004a,b)
conducted further transient analysis of a stationary or propagating
semi-inﬁnite Mode-III crack problem with characteristic length for
the electrode case. Similar to the electrode solution by Li and
Mataga (1996a), the major results by Ing and Wang (2004b) also
indicate that the dynamic stress intensity factor and the dynamic
energy release rate go to zero as the crack propagating velocity ap-
proaches the Bleustein–Gulyaev surface wave speed under this
particular boundary condition. Melkumyan (2005) made some cor-
rections on the expressions and plots in the paper by Li and Mataga
(1996a). Chen et al. (2007) investigated the transient response of a
propagating crack subjected to dynamic anti-plane body forces for
piezoelectric material with the electrode-type crack face boundary
condition. Chen et al. (2008) also studied dynamic interfacial crack
propagation in elastic–piezoelectric bi-materials subjected to uni-
formly distributed anti-plane loading on crack faces with the
assumption of the electrode-type boundary condition.
To obtain the vacuum solution, Li and Mataga (1996b) made an
alternative assumption that there is a permeable vacuum free
space between the crack surfaces, which allows for applied electric
charge as well as applied traction on the crack surfaces. Somewhat
unexpectedly, even under purely traction loading, the energy re-
lease rate based on the vacuum solution (Li and Mataga, 1996b)
does not go to zero as the crack propagating velocity approaches
the Bleustein–Gulyaev surface wave speed, unlike the elastody-
namic in-plane case (Freund, 1990) and the electrode case (Li
and Mataga, 1996a). It appears that the vacuum solution provided
by Li and Mataga (1996b) is fundamentally questionable due to the
selection of the speciﬁc form of the solution in the vacuum region.
Li and Mataga (1996b) remarked, ‘‘The choice in (32), however,
renders a physically plausible result. Speciﬁcally, (32) predicts
the surface wave solution.” Nevertheless, the selection of (32) by
Li and Mataga (1996b) leads to a discontinuity of the transformed
electric potential as y tends to zero, which is contradictory to their
own assumption of the existence of a permeable vacuum free space
between the crack surfaces. Since the solution in the vacuum re-
gion is not subjected to any remote conditions, the complete form
of the solution should be used instead of the speciﬁc form chosen
by Li and Mataga (1996b).
It is well known that an important requirement of fracture
mechanics analysis is to evaluate accurately the energy release rate
serving as the crack driving force. Nevertheless, the main difﬁcultyFig. 1. Kernel crack growth problem with a pair of mixed concentrated loads applied o
constant speed c in a magneto-electro-elastic solid.lies in the fundamental discrepancy between theoretical prediction
and experimental observation on the conventional (insulating,
unelectroded) crack behavior in piezoelectric materials, as re-
viewed by Zhang et al. (2002), Chen and Lu (2003) and Zhang
and Gao (2004). Numerous attempts at reconciling theoretical
models with experimental data have been made (e.g., Park and
Sun, 1995a,b; Zhang and Tong, 1996; Gao et al., 1997; Fulton and
Gao, 2001; McMeeking, 2001, 2004; Li, 2003; Gao et al., 2004;
Zhang et al., 2005; Haug and McMeeking, 2006; Wang and Mai,
2007; Gao et al., 2008; Zhao and Fan, 2008; Li et al., 2008). Chen
(2009a) recently proposed a new formation of the energy ﬂux inte-
gral and the energy–momentum tensor for studying the crack driv-
ing force in electro-elastodynamic fracture and showed that the
dynamic energy release rate thus obtained has an odd dependence
on the electric displacement intensity factor, which is in agreement
with experimental evidence. Furthermore, Chen (2009b,c) ex-
tended the study to dynamic fracture of magneto-electro-ther-
mo-elastic solids and also developed a nonlinear ﬁeld theory of
fracture mechanics for paramagnetic and ferromagnetic materials
with the inclusion of bulk dissipation.
The objective of the present work is to perform dynamic frac-
ture mechanics analysis of a semi-inﬁnite Mode-III crack propagat-
ing at a constant speed in a magneto-electro-elastic solid subjected
to mixed loads based on the newly formed dynamic energy release
rate (Chen, 2009b). In Section 2, the corresponding boundary-ini-
tial value problem is formulated with governing equations to-
gether with appropriate boundary and initial conditions. In
Section 3, the Wiener–Hopf and Cagniard–de Hoop techniques
are used to solve the boundary-initial value problem in both the
cracked solid region and the interior ﬂuid region under traction
loading only. In Section 4, the closed-form fundamental solutions
for traction loading only case are generalized to mixed loading
case, resulting in self-induced and cross-over dynamic ﬁeld inten-
sity factors. In Section 5, the dynamic energy release rate is calcu-
lated from the crack-tip dynamic contour integral with the use of
the dynamic ﬁeld intensity factors, and the surface wave effect
on dynamic crack propagation in the presence of piezoelectric,
piezomagnetic and magneto-electric coupling effects is discussed.
In the end, concluding remarks are given.
2. Formulation of the problem
Consider a semi-inﬁnite Mode-III crack propagating at a con-
stant speed c in a magneto-electro-elastic solid (Fig. 1) under the
assumption that there is vacuum, air or other ﬂuid of negligible
mechanical inﬂuence inside the crack, occupying the region
Xðf Þ ¼ fðeX1; eX2Þj 1 < eX1 < 0;d < eX2 < dg. A reference coordi-
nate system afﬁxed to the moving crack tip is chosen with theeX3-axis parallel to the crack front along the symmetry axis. Then the upper and lower surfaces of a semi-inﬁnite Mode-III crack propagating at a
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crack growth problems outlined by Freund (1972, 1990) and Li
and Mataga (1996a,b) will be extended in this and subsequent sec-
tions to magneto-electro-elastodynamic crack growth problems
with uniﬁed treatment of electro-magnetically permeable and
impermeable crack face conditions. It is assumed that for time
t < 0 the crack tip is at X1 ¼ 0 and the magneto-electro-elastic
material is load free and at rest everywhere. At time t ¼ 0 the crack
tip begins to move at speed c in the positive X1-direction and
leaves behind a pair of mixed concentrated loads. Analyzing the
situation of crack growth with a pair of mixed concentrated loads
acting upon ﬁxed material points on the crack faces gives rise to
the fundamental solutions, which can be employed like a Green’s
function to determine the corresponding ﬁeld quantities for gen-
eral mixed loading by means of superposition.
The basic ﬁeld equations for generalized plane crack problems
under coupled magneto-electro-mechanical boundary conditions
can be found in the previous paper (Chen, 2009b). For a Mode-III
crack problem with the out-of-plane displacement and the in-
plane electric/magnetic ﬁeld quantities independent of eX3, based
on quasi-static approximation for the electromagnetic ﬁelds, the
governing equations in the cracked solid region XðsÞ and the inte-
rior ﬂuid region Xðf Þ in the absence of mechanical body force, ther-
mal effect, electricity conduction and free electric charge are
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vT ¼ ðC44=qÞ1=2, the piezoelectromagnetically stiffened bulk shear
wave speed; C44 ¼ C44 þ ðe215l11  2e15f15g11 þ f 215j11Þ=ðj11l11
g211Þ, piezoelectromagnetically stiffened elastic constant; C44;j11;







eðf Þ15 ; f
ðf Þ
15 , material constants for the ﬂuid; w ¼ wðeX1; eX2; tÞ, out-of-
plane displacement component; trk3, total stress components;
DðpÞk , electric displacement components; B
ðpÞ
k , magnetic induction
components; EðpÞk , electric ﬁeld components; H
ðpÞ
k , magnetic ﬁeld
components; /ðpÞ ¼ /ðpÞðeX1; eX2; tÞ, electric potential; wðpÞ ¼ wðpÞðeX1;eX2; tÞ, magnetic potential, the superscript p ¼ s for the cracked solid
region and p ¼ f for the interior ﬂuid region.
We investigate the perturbation solution corresponding to tran-
sient loading of the crack surfaces under the assumption that the
pre-existing state is quiescent and can be removed by superposi-
tion (Freund, 1990; Li and Mataga, 1996a,b). For such a solution,
the remote conditions may be taken as
tr23ðeX1; eX2;tÞ¼ 0; EðsÞ2 ðeX1; eX2;tÞ¼ 0; HðsÞ2 ðeX1; eX2;tÞ¼ 0 as jeX2j!1
ð17Þ
Following the approach introduced by Freund (1972) and ex-
tended by Li and Mataga (1996a,b) to obtain the fundamental solu-
tions, a pair of mixed concentrated loads equal in magnitude and
opposite in sign are suddenly applied on the upper and lower sur-
faces of the crack at t ¼ 0þ. The corresponding boundary condi-
tions are imposed
tr23ðeX1; d; tÞ ¼ P0dðeX1 þ ctÞHðtÞ;
tr23ðeX1;d; tÞ ¼ P0dðeX1 þ ctÞHðtÞ ð18a-bÞ
DðsÞ2 ðeX1; d; tÞ  Dðf Þ2 ðeX1; d; tÞ ¼ Q0dðeX1 þ ctÞHðtÞ;
DðsÞ2 ðeX1;d; tÞ  Dðf Þ2 ðeX1;d; tÞ ¼ Q0dðeX1 þ ctÞHðtÞ ð19a-bÞ
BðsÞ2 ðeX1; d; tÞ  Bðf Þ2 ðeX1; d; tÞ ¼ R0dðeX1 þ ctÞHðtÞ;
BðsÞ2 ðeX1;d; tÞ  Bðf Þ2 ðeX1;d; tÞ ¼ R0dðeX1 þ ctÞHðtÞ ð20a-bÞ
/ðsÞðeX1; d; tÞ  /ðf ÞðeX1; d; tÞ ¼ 0;
/ðsÞðeX1;d; tÞ  /ðf ÞðeX1;d; tÞ ¼ 0 ð21a-bÞ
wðsÞðeX1; d; tÞ  wðf ÞðeX1; d; tÞ ¼ 0;
wðsÞðeX1;d; tÞ  wðf ÞðeX1;d; tÞ ¼ 0 ð22a-bÞ
The initial conditions are
wðeX1; eX2;0Þ ¼ 0 ð23Þ
_wðeX1; eX2;0Þ ¼ 0 ð24Þ
/ðpÞðeX1; eX2; 0Þ ¼ 0 ð25Þ
wðpÞðeX1; eX2; 0Þ ¼ 0 ð26Þ
The one-sided Laplace transform with respect to the time
variable t and the two-sided Laplace transform with respect to
the spatial variable eX1 are applied:
f ðeX1; eX2;pÞ ¼ Z 1
0
f ðeX1; eX2; tÞ expðptÞdt ð27aÞ
f ðeX1; eX2; tÞ ¼ 12pi
Z
Br1
f ðeX1; eX2;pÞ expðptÞdp ð27bÞ
f^ ðf; eX2;pÞ ¼ Z 1
1
f ðeX1; eX2;pÞ expðpfeX1ÞdeX1 ð28aÞ
f ðeX1; eX2;pÞ ¼ p2pi
Z
Br2
f^ ðf; eX2; pÞ expðpfeX1Þdf ð28bÞ
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" #
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d2
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d2
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^wðf Þðf; eX2;pÞ ¼ 0 8ðf; eX2;pÞ 2 Xðf Þp ð33Þ
where e! 0þ is an auxiliary (positive real) perturbation parameter
(Li and Mataga, 1996a,b).
Consideration of the remote conditions (17) leads to the general
solutions of the form
w^ðf; eX2; pÞ ¼ sgnðeX2Þ 1p2 AðfÞ expðpajeX2jÞ ð34Þ
^/ðsÞðf; eX2;pÞ ¼ sgnðeX2Þ 1p2 BðfÞ expðpbjeX2jÞ ð35Þ
^wðsÞðf; eX2;pÞ ¼ sgnðeX2Þ 1p2 CðfÞ expðpbjeX2jÞ ð36Þ
^/ðf Þðf; eX2;pÞ ¼ 1p2 ½DþðfÞ expðpbeX2Þ þ DðfÞ expðpbeX2Þ ð37Þ
^wðf Þðf; eX2;pÞ ¼ 1p2 ½EþðfÞ expðpbeX2Þ þ EðfÞ expðpbeX2Þ ð38Þ
where aðfÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=v2T  2cf=v2T  s2f2
q





Since the solution in the interior ﬂuid region is not subjected to
any remote conditions at jeX2j ! 1, the complete form of the solu-
tion should be used instead of the speciﬁc form chosen by Li and
Mataga (1996b). In contradiction to their own assumption of the
existence of a permeable vacuum free space between the crack sur-
faces, the speciﬁc form of the solution in the vacuum region chosen
by Li and Mataga (1996b) leads to a discontinuity of the trans-
formed electric potential. On the contrary, the transformed electric
and magnetic potentials given by (37) and (38) are continuous.
3. Fundamental solutions and intensity factors for traction
loading only case
In order to apply the Wiener–Hopf technique, the traction and
displacement boundary conditions are expanded over the full
range of the eX1-axis, i.e.,
tr23ðeX1;0þ; tÞ ¼rþðeX1; tÞP0dðeX1þ ctÞHðtÞ; 1< eX1 <1 ð39Þ
wðeX1;0þ; tÞ ¼wðeX1; tÞþ0; 1< eX1 <1 ð40Þ
with
rþðeX1; tÞ ¼ tr23ðeX1; 0þ; tÞ; eX1 P 0
0; eX1 < 0
(
ð41Þ
wðeX1; tÞ ¼ 0; eX1 P 0
wðeX1;0þ; tÞ; eX1 < 0
(
ð42Þ
Under traction loading only, the transformed versions of the
boundary conditions (19)–(22) with Q0 ¼ 0 and R0 ¼ 0 provide
the following relationships among the unknown functions:½j11BðfÞ þ g11CðfÞ expðpbdÞ
¼ jðf Þ11 ½DþðfÞ expðpbdÞ  DðfÞ expðpbdÞ
þ gðf Þ11 ½EþðfÞ expðpbdÞ  EðfÞ expðpbdÞ ð43Þ
½j11BðfÞ þ g11CðfÞ expðpbdÞ
¼ jðf Þ11 ½DþðfÞ expðpbdÞ  DðfÞ expðpbdÞ
þ gðf Þ11 ½EþðfÞ expðpbdÞ  EðfÞ expðpbdÞ ð44Þ
½g11BðfÞ þ l11CðfÞ expðpbdÞ
¼ gðf Þ11 ½DþðfÞ expðpbdÞ  DðfÞ expðpbdÞ
þ lðf Þ11 ½EþðfÞ expðpbdÞ  EðfÞ expðpbdÞ ð45Þ
½g11BðfÞ þ l11CðfÞ expðpbdÞ
¼ gðf Þ11 ½DþðfÞ expðpbdÞ  DðfÞ expðpbdÞ
þ lðf Þ11 ½EþðfÞ expðpbdÞ  EðfÞ expðpbdÞ ð46Þ
BðfÞ expðpbdÞ þ c1AðfÞ expðpadÞ
¼ DþðfÞ expðpbdÞ þ DðfÞ expðpbdÞ ð47Þ
BðfÞ expðpbdÞ  c1AðfÞ expðpadÞ
¼ DþðfÞ expðpbdÞ þ DðfÞ expðpbdÞ ð48Þ
CðfÞ expðpbdÞ þ c2AðfÞ expðpadÞ
¼ EþðfÞ expðpbdÞ þ EðfÞ expðpbdÞ ð49Þ
CðfÞ expðpbdÞ  c2AðfÞ expðpadÞ
¼ EþðfÞ expðpbdÞ þ EðfÞ expðpbdÞ ð50Þ
where c1 ¼ ðe15l11  f15g11Þ=ðj11l11  g211Þ; c2 ¼ ðf15j11  e15g11Þ=
ðj11l11  g211Þ.
These equations can be solved simultaneously to obtain




BðfÞ ¼ expðpbd padÞ coshðpbdÞ
flfj  f 2g
 fl c1jðf Þ11 þ c2gðf Þ11
 
 fg c1gðf Þ11 þ c2lðf Þ11
 h i
AðfÞ ð52Þ
CðfÞ ¼ expðpbd padÞ coshðpbdÞ
flfj  f 2g
 fj c1gðf Þ11 þ c2lðf Þ11
 
 fgðc1jðf Þ11 þ c2gðf Þ11Þ
h i
AðfÞ ð53Þ
DþðfÞ ¼ DðfÞ ¼ expðpbdÞ2 sinhðpbdÞBðfÞ þ c1
expðpadÞ
2 sinhðpbdÞAðfÞ ð54Þ
EþðfÞ ¼ EðfÞ ¼ expðpbdÞ2 sinhðpbdÞCðfÞ þ c2
expðpadÞ
2 sinhðpbdÞAðfÞ ð55Þ
where fj ¼ sinhðpbdÞj11  coshðpbdÞjðf Þ11 ; f l ¼ sinhðpbdÞ l11  cosh
ðpbdÞlðf Þ11 ; f g ¼ sinhðpbdÞg11  coshðpbdÞgðf Þ11 .
By letting gðf Þ11 ¼ 0 and d! 0 while keeping sinhðpbdÞ
j11=jðf Þ11 ! ke and sinhðpbdÞl11=lðf Þ11 ! km, (52) and (53) lead to
BðfÞ ¼ c1AðfÞ ð56Þ
CðfÞ ¼ c2AðfÞ ð57Þ
where ke and km are mutually dependent with ke=km ¼ j11lðf Þ11=jðf Þ11
l11; c1 ¼ ½j11l11ð1 kmÞc1 þ l11g11kec2=½j11l11ð1 keÞð1  kmÞ
X. Chen / International Journal of Solids and Structures 46 (2009) 4025–4037 4029kekmg211; c2 ¼ ½j11l11ð1  keÞc2 þ j11g11kmc1=½j11l11ð1  keÞð1
kmÞ  kekmg211.
A single parameter similar to ke was introduced by McMeeking
(1989) and Zhang and Tong (1996) in their studies on fracture of
electrostrictive and piezoelectric materials, and two similar
parameters were used by Gao et al. (2004) for a Mode-III crack in
a magneto-electro-elastic solid. Eqs. (56) and (57) have the follow-
ing limits: the electrically and magnetically permeable crack face
condition as ke ! 0 and km ! 0, the electrically and magnetically
impermeable crack face condition as ke !1 and km !1, the elec-
trically permeable and magnetically impermeable crack face con-
dition as ke ! 0 and km !1, and the electrically impermeable
and magnetically permeable crack face condition as ke !1 and
km ! 0. The electro-magnetically semi-permeable crack face con-
dition may be approximated if ke and km are considered as ﬁnite
non-zero parameters. For simplicity, ke and km are taken to be con-
stant in the following analysis.
The transformed total stress, electric displacement and mag-
netic induction ﬁelds can be expressed in terms of the single un-
known function UðfÞ as
tr13ðeX1; eX2;pÞ ¼ C442pi
Z faþi1
fai1





fUðfÞ exp½pðbeX2  feX1Þdf
)
ð58Þ
tr23ðeX1; eX2;pÞ ¼  C442pi
Z faþi1
fai1





bðfÞUðfÞ exp½pðbeX2  feX1Þdf
)
ð59Þ
DðsÞ1 ðeX1; eX2;pÞ ¼ c1j11 þ c2g112pi
Z fbþi1
fbi1
fUðfÞ exp½pðbeX2  feX1Þdf
ð60Þ




 exp½pðbeX2  feX1Þdf ð61Þ
BðsÞ1 ðeX1; eX2;pÞ ¼ c1g11 þ c2l112pi
Z fbþi1
fbi1
fUðfÞ exp½pðbeX2  feX1Þdf
ð62Þ










cal coupling coefﬁcient depending on the permeability parameters
ke and km;1=ðvT  cÞ < fa < 1=ðvT þ cÞ;e < fb < e.
Substituting (59) into the transformed traction boundary condi-
tion (39) leads to the following Wiener–Hopf equation:
RþðfÞ þ P0cðf 1=cÞ ¼ KðfÞUðfÞ ð64Þ





The Wiener–Hopf equation (64) has identical structure to that
solved by Li and Mataga (1996a,b) except that the magneto-elec-
tro-mechanical coupling coefﬁcient kkem depending on the perme-
ability parameters is used in the Bleustein–Gulyaev wave function
instead of the electro-mechanical coupling coefﬁcient ke or kv , i.e.,
BGðfÞ ¼ aðfÞ  kk2embðfÞ ð67Þ
The expression (65) may be rewritten in the form
KðfÞ ¼ C44 s kk2em
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=ðckbg þ cÞ  f
h i
1=ðckbg  cÞ þ f
h ir
SðfÞ ð68Þ
where an auxiliary function is introduced by





1=ðckbg þ cÞ  f
h i
1=ðckbg  cÞ þ f
h ir ð69Þ






vuut ¼ vT ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 kk4emq ð70Þ
For the electrically and magnetically permeable crack face con-










, whereas for the electrically and magnetically imper-
meable crack face condition (ke !1 and km !1Þ; k1em ! 0 and
c1bg ! vT . Especially, for an electrically permeable Mode-III crack
propagating in a piezoelectric medium, k0em and c
0
bg retrieve the
electro-mechanical coupling coefﬁcient and the Bleustein–Gulyaev
surface wave speed arising in the electrode solution (Li and Mat-
aga, 1996a; Ing and Wang, 2004b) instead of the vacuum solution
(Li and Mataga, 1996b). The equality of the horizontal shear surface
wave speed to the bulk shear wave speed in the limit of electro-
magnetic impermeability indicates that there is no horizontal
shear surface wave mode under the electrically and magnetically
impermeable crack face condition.
Further details in derivation of the closed-form fundamental
solutions for the traction loading only case are given in Appendix
A. The corresponding ﬁeld quantities for any distribution of trac-
tions may be determined by superposition in the manner of Freund
(1972, 1990) and Li and Mataga (1996a,b), which will be addressed
in Section 4. With a normalization based on the corresponding
quasi-static value (Freund, 1972, 1990; Li and Mataga, 1996a,b),
the dynamic total stress, electric displacement and magnetic
induction intensity factors are obtained from the fundamental
solutions as











































where the subscript IIIT indicates traction loading for a Mode-III
crack, kðrÞIIITðcÞ; kðDÞIIITðcÞ and kðBÞIIITðcÞ are universal functions.
As the crack propagating velocity c approaches the horizontal
shear surface wave speed ckbg , the dynamic total stress intensity
factor goes to zero but the dynamic electric displacement and mag-
netic induction intensity factors do not vanish under traction load-
ing only. The dynamic total stress, electric displacement and
magnetic induction intensity factors given by (71)–(73) are re-
duced to those for the electrically and magnetically permeable
crack face condition as ke ! 0 and km ! 0, for the electrically and
magnetically impermeable crack face condition as ke !1 and
km !1, for the electrically permeable and magnetically imperme-
able crack face condition as ke ! 0 and km !1, and for the electri-
cally impermeable and magnetically permeable crack face
condition as ke !1 and km ! 0. It can be veriﬁed that the above
fundamental solutions and intensity factors retrieve the results
for dynamic anti-plane crack propagation in a purely elastic med-
ium (Freund, 1990; Ma and Chen, 1992).
4. Fundamental solutions and intensity factors for mixed
loading case
The general solutions given by (34)–(38) still hold but the un-
known functions need to be determined under the mixed boundary
conditions (18)–(22) with non-zero P0; Q0 and R0. Since the conti-
nuity conditions (21) and (22) for the electric and magnetic poten-
tials are kept the same, the functions DþðfÞ; DðfÞ; EþðfÞ and EðfÞ
can be calculated from (54) and (55) as long as the functions
AðfÞ; BðfÞ and CðfÞ are attained.
Substituting the unknown functions AðfÞ; BðfÞ and CðfÞ back



















































































CðfÞ expðpfeX1Þdf ¼ 0 for eX1 > 0
ð76a-bÞwhere BðfÞ ¼ BðfÞ þ c1AðfÞ; CðfÞ ¼ CðfÞ þ c2AðfÞ; c3 ¼ ð1 1=keÞð1
1=kmÞj11l11  g211; eLðP0;Q0;R0Þ ¼ P0 þ Q0½e15l11ð1  1=kmÞ  f15g11=
c3 þ R0½f15j11 ð1 1=keÞ  e15g11=c3; e < ReðfcÞ < e.
The dual integral equation (74a-b) has the same structure as the
Wiener–Hopf equation encountered in the preceding section. Since
crack propagation at sub-surface wave speed is of primary interest,
only the sub-critical case for c < ckbg is considered here. The solu-















1=ðvT þ cÞ  f
p




On the other hand, following the procedure outlined by Sih and
Chen (1977) and used by Li and Mataga (1996b), the solutions for
the dual integral equations (75a-b) and (76a-b) are obtained as
BðfÞ ¼ eL1ðQ0;R0Þ 1ﬃﬃcp 1ðf 1=cÞ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe fp ð78Þ
CðfÞ ¼ eL2ðQ0;R0Þ 1ﬃﬃcp 1ðf 1=cÞ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃe fp ð79Þ
where eL1ðQ0;R0Þ ¼ ½Q0l11ð1 1=kmÞ  R0g11=c3; eL2ðQ0;R0Þ ¼
½Q0g11þ R0j11ð1 1=keÞ=c3.
Further details in derivation of the closed-form fundamental
solutions for the mixed loading case are given in Appendix B. The
results may be generalized to any mixed load distributions follow-
ing Freund (1972, 1990) and Li and Mataga (1996a,b). Let
fP X1  X 01;X2; t  X01=c
 
; f Q X1  X 01;X2; t  X 01=c
 
and fR X1  X 01;

X2; t  X 01=cÞ, respectively, denote a ﬁeld quantity in the fundamen-
tal solutions for unit concentrated shear loads, unit concentrated
electric loads and unit concentrated magnetic loads appearing on
the crack faces at X1 ¼ X 01 as the crack tip passes the point X 01 at
time t ¼ X 01=c. The ﬁeld quantity for the case of distributed traction
loading pðX01Þ, distributed electric loading qðX01Þ and distributed
magnetic loading rðX01Þ appearing through the crack tip is thus gi-
ven by the superposition integral
f ðX1;X2; tÞ ¼
Z ct
0





















Freund (1990) provided some illustrative cases in Section 6.4.3
of his monograph. In an analogous way, as it begins to grow at
speed c from rest in a magneto-electro-elastic solid, the advancing
crack relieves the equilibrium intensity factor ﬁelds and leaves uni-
formly or non-uniformly distributed traction, electric and mag-
netic loads on the newly generated crack surfaces.
With a normalization based on the corresponding quasi-sta-
tic value (Freund, 1972, 1990; Li and Mataga, 1996a,b), the
self-induced and cross-over dynamic total stress, electric dis-
placement and magnetic induction intensity factors can be ex-
pressed as












ct  X 01
q dX01 ð81Þ





r eLð0;1;0Þ ð1 c=ckbgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=vT







q dX 01 ð82Þ





r eLð0;0;1Þ ð1 c=ckbgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=vT








q dX 01 ð83Þ




















q dX 01 ð84Þ


























q dX 01 ð85Þ





















































ct  X 01
q dX01 ð87Þ
































































q dX 01 ð89Þ
where the subscript IIID indicates electric loading and the subscript
IIIB indicates magnetic loading.
Unlike the traction loading only case, the dynamic total stress
intensity factor does not tend to zero as c ! ckbg under mixed load-
ing due to the existence of the cross-over terms. The self-induced
and cross-over dynamic total stress, electric displacement and
magnetic induction intensity factors given by (81)–(89) are re-
duced to those for the electrically and magnetically permeable
crack face condition as ke ! 0 and km ! 0, for the electrically and
magnetically impermeable crack face condition as ke !1 and
km !1, for the electrically permeable and magnetically imperme-
able crack face condition as ke ! 0 and km !1, and for the electri-
cally impermeable and magnetically permeable crack face
condition as ke !1 and km ! 0. In particular, it turns out that
the dynamic ﬁeld intensity factors are not altered by applied elec-
tric and magnetic loads on the surfaces of an electro-magnetically
permeable crack because there is no gap assumed between the top
and bottom surfaces of the crack and, with an electro-magnetically
permeable interior, the electric and magnetic loads on the upper
surface effectively cancel out those on the lower surface. This out-
come is analogous to the ﬁnding by Haug and McMeeking (2006)
on a permeable crack with surface charge in poled ferroelectrics.
As the crack propagating velocity approaches zero, the quasi-static
limits of (81)–(89) are consistent with the existing static crack
solutions (Zhang and Tong, 1996; Gao et al., 2004; Wang and
Mai, 2004; Haug and McMeeking, 2006). Especially, from expres-
sions (82) and (83), the cross-over terms due to electric and mag-
netic loading become negligible for quasi-static crack propagation.5. Dynamic energy release rate and surface wave effect
The dynamic energy release rate, which is deﬁned as the rate of
energy ﬂow out of the body and into the crack front per unit crack
advance, serves as the driving force for dynamic crack propagation
in coupled magnetic, electric, thermal and mechanical ﬁelds and
can be evaluated through the crack-tip dynamic contour integral
(Chen, 2009b):
eJ0 ¼ limeC!0 1c
Z
eC ½n  ðrþ emrþ v  GÞ  v  n  S
	
þð~qk^þ ~qh^þ emuf Þn  cdeCo ð90Þ
where k^ is the kinetic energy per unit mass, h^ is the Helmholtz free
energy per unit mass, emuf ¼ 12 e0E  Eþ 12l0 B  B is the energy density
of the free electromagnetic ﬁelds, e0 is the vacuum permittivity, l0
is the vacuum permeability, r is the Cauchy stress tensor, emr is the
electromagnetic stress tensor, the total stress tensor tr ¼ rþ emr is
symmetric, S ¼ E H is the Poynting vector in the co-moving frame
RC ; G ¼ e0E B; E ¼ Eþ v  B and H ¼ H v  D.
In analogy to the purely elastodynamic case (Freund, 1990), by
choosing the contour shown in Fig. 1 and allowing the contour
shrunk onto the crack tip by ﬁrst letting d2 ! 0 and then d1 ! 0,
there is no contribution to eJ0 from the segments parallel to theeX2-axis and the segments along the crack faces. Furthermore, this
4032 X. Chen / International Journal of Solids and Structures 46 (2009) 4025–4037is a convenient choice because n1 ¼ 0 along the segments parallel
to the eX1-axis. Consequently, the dynamic energy release rate for
Mode-III crack propagation under general mixed loading is calcu-
lated from the asymptotic near-tip ﬁeld solutions (see Appendix
C) as












KðrÞIII ðct; cÞKðCODÞIII ðct; cÞ ð91Þ
where the Mode-III dynamic total stress and crack opening dis-
placement intensity factors under general mixed loading are given
by
















r eLð0;1; 0Þ ð1 c=ckbgÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c=vT























q dX 01 ð92Þ

















ct  X 01















































From (91) and (93), the dynamic energy release rate for Mode-
III crack propagation in the presence of piezoelectric, piezomagnet-
ic and magneto-electric coupling effects has an odd dependence on
the dynamic electric displacement intensity factor and the
dynamic magnetic induction intensity factor, i.e.,




q KðrÞIII ðct; cÞ þ e15l11  f15g11j11l11  g211 KðDÞIII ðct; cÞ






As the crack propagating velocity c approaches the horizontal
shear surface wave speed ckbg , the dynamic total stress intensity
factor and the dynamic energy release rate do not vanish under
mixed loading but they go to zero under traction loading only.
The dynamic energy release rate is reduced to that for the electri-
cally and magnetically permeable crack face condition as ke ! 0
and km ! 0, for the electrically and magnetically impermeable
crack face condition as ke !1 and km !1, for the electrically
permeable and magnetically impermeable crack face condition aske ! 0 and km !1, and for the electrically impermeable and mag-
netically permeable crack face condition as ke !1 and km ! 0. As
the crack propagating velocity c tends to zero, the quasi-static case
is recovered, i.e.,








ct  X 01
q dX01 ð95Þ



































q dX 01 ð96Þ
eJ0ðct;0Þ ¼ 14KðrÞIII ðct; 0ÞKðCODÞIII ðct;0Þ ð97Þ
For traction loading only, the dynamic total stress intensity fac-
tor, the dynamic crack opening displacement intensity factor and




























The normalized dynamic total stress intensity factor
KðrÞIIITðct; cÞ=KðrÞIIITðct;0Þ, the normalized dynamic crack opening dis-
placement intensity factor KðCODÞIIIT ðct; cÞ=KðCODÞIIIT ðct;0Þ and the normal-
ized dynamic energy release rate eJ0ðct; cÞ=eJ0ðct;0Þ under traction
loading only are, respectively, plotted in Figs. 2–4 against the
dimensionless crack velocity c=ckbg for a broad range of magneto-
electro-mechanical coupling coefﬁcient ðkkem ¼ 0;0:3;0:6;0:9;
0:99Þ. It is demonstrated that the normalized dynamic total stress
intensity factor, the normalized dynamic crack opening displace-
ment intensity factor and the normalized dynamic energy release
rate decrease with the increase of the dimensionless crack velocity
and the magneto-electro-mechanical coupling coefﬁcient. In con-
trast to the results based on the vacuum solution provided by Li
and Mataga (1996b), it is found that both the dynamic total stress
intensity factor and the dynamic energy release rate go to zero as
c=ckbg ! 1 so that the horizontal shear surface wave speed serves as
a speed barrier for the propagation of a Mode-III crack in a mag-
neto-electro-elastic solid under traction loading only.6. Concluding remarks
As an extension of previous studies on dynamic crack propaga-
tion in elastic and piezoelectric materials (e.g., Freund, 1972, 1990;
Li and Mataga, 1996a,b), the present work accounts for permeabil-
ity-dependent surface wave characteristics and applies the newly
formed dynamic energy release rate (Chen, 2009a,b) to dynamic
crack propagation in the presence of piezoelectric, piezomagnetic
and magneto-electric coupling effects. Based on the closed-form
solutions for transient Mode-III magneto-electro-elastic crack
growth problems, the dynamic energy release rate determined
Fig. 2. Normalized dynamic total stress intensity factor KðrÞIIIT ðct; cÞ=K ðrÞIIIT ðct; 0Þ versus dimensionless crack velocity c=ckbg for a broad range of magneto-electro-mechanical
coupling coefﬁcient ðkkem ¼ 0; 0:3;0:6;0:9; 0:99Þ under traction loading only.
Fig. 3. Normalized dynamic crack opening displacement intensity factor KðCODÞIIIT ðct; cÞ=KðCODÞIIIT ðct; 0Þ versus dimensionless crack velocity c=ckbg for a broad range of magneto-
electro-mechanical coupling coefﬁcient ðkkem ¼ 0;0:3;0:6; 0:9; 0:99Þ under traction loading only.
X. Chen / International Journal of Solids and Structures 46 (2009) 4025–4037 4033from the crack-tip dynamic contour integral has an odd depen-
dence on the dynamic electric displacement intensity factor and
the dynamic magnetic induction intensity factor, which is compat-
ible with the result on steady-state crack propagation (Chen,
2009a,b).
The behavior of the moving crack in coupled magnetic, electric
and mechanical ﬁelds depends on the permeability of the interior
ﬂuid region relative to the cracked solid region with the electrically
and magnetically permeable crack face condition, the electrically
and magnetically impermeable crack face condition, the electri-
cally permeable and magnetically impermeable crack face condi-
tion and the electrically impermeable and magnetically
permeable crack face condition as four limits. Especially, the hori-zontal shear surface wave speed becomes the bulk shear wave
speed in the limit of electro-magnetic impermeability so that there
is no horizontal shear surface wave mode under the electrically
and magnetically impermeable crack face condition, which is in
agreement with the former study on dynamic fracture of piezo-
electric materials by Dascalu and Maugin (1995). The electric and
magnetic loads imposed on the surfaces of an electrically and mag-
netically permeable crack cause no alternation of the dynamic ﬁeld
intensity factors, which is in analogy to the ﬁnding by Haug and
McMeeking (2006) on a permeable crack with surface charge in
poled ferroelectrics.
Although dynamic fracture mechanics analysis of magneto-
electro-elastic solids has attracted more and more interests, the
Fig. 4. Normalized dynamic energy release rate eJ0ðct; cÞ=eJ0ðct; 0Þ versus dimensionless crack velocity c=ckbg for a broad range of magneto-electro-mechanical coupling
coefﬁcient ðkkem ¼ 0; 0:3;0:6;0:9; 0:99Þ under traction loading only.
4034 X. Chen / International Journal of Solids and Structures 46 (2009) 4025–4037vacuum solution provided by Li and Mataga (1996b) is the only
closed-form transient crack growth solution involving the Bleu-
stein–Gulyaev surface wave mode for the vacuum-type crack face
boundary condition available in the literature to the best knowl-
edge of the author. The reduction of this work to the special case
of dynamic crack propagation in a piezoelectric material resolves
the questionable issues in the vacuum solution (Li and Mataga,
1996b). Different from the vacuum solution by Li and Mataga
(1996b) which leads to a ‘‘new” static solution, the quasi-static
limits of the present results are consistent with the static crack
solutions in the literature (e.g., Zhang and Tong, 1996; Gao et al.,
2004; Wang and Mai, 2004; Haug and McMeeking, 2006). As the
crack propagating velocity approaches the horizontal shear surface
wave speed, neither the dynamic total stress intensity factor nor
the dynamic energy release rate vanishes under mixed loading,
but both the dynamic total stress intensity factor and the dynamic
energy release rate go to zero under traction loading only. For the
special case of an electrically permeable Mode-III crack propagat-
ing in a piezoelectric medium, it is found that the magneto-elec-
tro-mechanical coupling coefﬁcient and the horizontal shear
surface wave speed are reduced to the electro-mechanical coupling
coefﬁcient and the Bleustein–Gulyaev surface wave speed arising
in the electrode solution (Li and Mataga, 1996a; Ing and Wang,
2004b) instead of the vacuum solution (Li and Mataga, 1996b).
Appendix A
By the product factorization method (Li and Mataga, 1996a,b),
SðfÞ can be expressed as




1=ðckbg  cÞ þ f





1=ðckbg þ cÞ  f



















ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ½1=ðvT  cÞ þ g½1=ðvT þ cÞ  gp ðA:5Þ
As pointed out by Melkumyan (2005), Li and Mataga (1996a)
made sign errors in the expressions (A.14), (A.16) and (82)–(84)
in their paper.













1=ðvT þ cÞ  f
p
1=ðckbg þ cÞ  f





p 1=ðckbg  cÞ þ fﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ







The Cagniard–de Hoop method can be used to ﬁnd the closed-
form fundamental solutions in the physical domain by employing







eX1t 1v2T ðeX22þ eX21Þ
s" #






























































































ðA:19Þwhere t1 ¼ ceX1=v2T þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeX21 þ s2eX22q =vT =s2; t2 ¼ e ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeX21 þ eX22q .
Appendix B
Similar to the traction loading only case, the closed-form funda-
mental solutions for the mixed loading case can be achieved by the
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To evaluate the dynamic energy release rate, the near-tip ﬁelds
of the propagating crack need to be obtained. When eX2 ¼ 0, both





¼  1eX1 ðC:2Þ
From the closed-form fundamental solutions expressed in (B.2),
(B.4), (B.6) and (B.7), the asymptotic near-tip ﬁelds for mixed load
distributions can be represented by superposition











































































































































































































































q dX 01 ðC:6Þ
With use of the coordinate transformation eX1 ¼ X1  ct, the
velocity is determined by




The dynamic total stress, electric displacement, magnetic
induction and crack opening displacement intensity factors for
Mode-III crack propagation are deﬁned as
KðrÞIII ðct; cÞ ¼ limeX1!0þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2peX1q tr23ðeX1;0þ; tÞ ðC:8Þ
KðDÞIII ðct; cÞ ¼ limeX1!0þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2peX1q D2ðeX1;0þ; tÞ ðC:9Þ
KðBÞIII ðct; cÞ ¼ limeX1!0þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2peX1q B2ðeX1; 0þ; tÞ ðC:10Þ
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